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Abstract 

We study the algebraic property of the representation of the mapping class 
group of a closed oriented surface of genus 2 constructed by V F R Jones 
[9]. It arises from the Iwahori-Hecke algebra representations of Artin's 
braid group of 6 strings, and is defined over integral Laurent polynomials 
Z[i,i -1 ]. We substitute the parameter t with — e h , and then expand the 
powers e h in their Taylor series. This expansion naturally induces a filtra- 
tion on the Torelli group which is coarser than its lower central series. We 
present some results on the structure of the associated graded quotients, 
which include that the second Johnson homomorphism factors through the 
representation. As an application, we also discuss the relation with the 
Casson invariant of homology 3-spheres. 
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1 Introduction 

Let £2 be a closed oriented surface of genus 2, and let M.2 be its mapping class 
group. In [9], VFR Jones constructed a finite dimensional linear representation 
of M.2- We call this the Jones representation of genus 2, and denote it by p 
(see section 2.3 for the precise definition). The Jones representation p is defined 
over integral Laurent polynomials Z[i, £ -1 ]. The construction of p is based on 
the Iwahori-Hecke algebra representations of Artin's braid group of 6 strings as 
well as the Birman-Hilden presentation of M2 ■ The representation p has been 
given attention as a candidate for the faithful linear representation of M2 ([3]). 
However, it seems that there are few results concerning p, with exceptions of a 
work of Humphries [8] and the author's previous result [10], both of which deal 
with specializations at roots of unity. 
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Let J 2 denote the Torelli group of genus 2. It is denned as the kernel of 
the classical symplectic representation _A/f 2 — > Sp(4, Z) which is induced by 
the natural action of M2 on the first integral homology group iii(£ 2 ;Z) of 
X 2 . Here, Sp(4, Z) denotes the Siegel modular group. In view of the explicit 
computation of p given by Jones, it is easy to see that there are several special 
values of t at which p becomes trivial on Z 2 . Such specializations include 
t = ±1. It is natural to consider perturbations of t at such special values to 
extract any information of Z 2 in p. 

In this paper, we consider the perturbation at t = — 1. More precisely, let <p 
be the expansion of p obtained by setting t = —e h and then expanding the 
powers e h in their Taylor series. We then introduce a descending filtration of 
the Torelli group Z 2 by using (p, and present some results on the associated 
graded quotients. Our results should be considered as new properties of p. Our 
approach is based on Jones' explicit computation mentioned above. 

Now we state our main results. We set 

Fk = ^2 n {/ € M2; f(f) = identity modulo terms of degrees higher than k}. 

It will turn out that T\ coincides with Z 2 so that we have a filtration 

J 2 = T x D T 2 D ■ ■ ■ D T h D ■ ■ • . 

A general result by Lazard in [11] can be used to deduce that (a) for each k > 1 , 
the graded quotient Q\.T = Fk/Fk+i is a free Z-module of finite rank; (b) the 
filtration {Tk} is central so that the associated graded sum QT = ®k>\Gk^ 
naturally forms a graded Lie algebra over Z. Furthermore, it turns out that 
Gk^Q = Qk-F ® Q has a natural structure of a rational Sp(4, Q) -module where 
Sp denotes the symplectic group. This enables us to use classical symplectic 
representation theory to study the structure of QT . 

Let T a ^ denote the irreducible rational representation of Sp(4, Q) with highest 
weight aL± + b(L\ + L 2 ) (cf section 4.1). We understand that the same symbol 
also denotes the representation space over Q in the obvious manner. Our first 
result is: 

Theorem 1.1 Let k = 1. Then the following isomorphism of Sp(4,Q)- 
modules holds: 

q^q = I2/T2 ®Q = r , 2 

The appearance of the module ro, 2 is suggestive since it also appears as the 
image of the second Johnson homomorphism r 2 (2) which is defined on X 2 (see 
[16] as well as for the definition). In fact, we can show: 
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Corollary 1.2 The kernel of the second Johnson homomorphism T2(2) coin- 
cides with ?2- In particular, T2(2) factors through the Jones representation 
P- 

Recall that Morita [13] has described the Casson invariant of homology 3- 
spheres in terms of mapping class groups of surfaces. In particular, he has 
related the second Johnson homomorphism with the Casson invariant. In view 
of this, Corollary 1.2 raises a problem whether the Jones representation p con- 
tains the full information of the Casson invariant in the case of genus 2 . This 
problem will be reduced to the detection of a certain homomorphism of I2 
which arises from Morita's theory of secondary characteristic classes of surface 
bundles [15], [16]. We will discuss this later in section 6. 

As for the module Gk^Q f° r general k, we have the following. 

Theorem 1.3 For each k > 2, the following holds: 

(1) If k is even, then Gk^Q 3 ^,0- 

(2) If k is odd, then Gk^Q D r , 2 • 

Our expansion t = —e h was motivated by the fact that a similar expansion 
decomposes the Jones polynomial of links, which can be also defined by the 
Iwahori-Hecke algebra representations of braid groups, into a series of Vassiliev 
invariants (see [2], [6], [4]). The reader may consider that an expansion t = e h 
would be more natural. In this case, however, the graded quotients associated 
with the induced filtration have structures of Sp(4, Z/2Z) -modules, rather than 
Sp(A, Q) -modules. Thus the induced filtration does not seem to fit the context 
of the Torelli group. This phenomenon is due to the well known fact that the 
Iwahori-Hecke algebras (of type A) serve as deformations of group algebras of 
symmetric groups. We would like to study this aspect in detail elsewhere. 

The organization of the present paper is as follows. In section 2, we recall some 
basic material concerned with the Jones representation p. We also determine 
the specialization of p at t = — 1, which will be the degree part of the ex- 
panded representation 92. In section 3, we describe the filtration {Fk} in a more 
convenient manner and establish its basic properties. In particular, we will see 
that each graded quotient Q^T is naturally embedded into an Sp(A, Z) -module 
which will be denoted by GkR- In section 4, we show that Q^R is actually 
a rational Sp(4, Q) -module, and then we apply the symplectic representation 
theory to decompose GkR into weight spaces. In section 5, we complete the 
proofs of our main results. Finally in section 6, we discuss a possible relation 
with the Casson invariant. 
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2 Preliminaries 

2.1 Jones' construction 

We start with recalling the general construction by Jones concerning p. We 
refer to [9] for further details. Let S s be a closed oriented surface of genus 
g and let M g be its mapping class group. The hyperelliptic mapping class 
group Tig is defined as the subgroup of Ai g consisting of those elements which 
commute with the class of a fixed hyperelliptic involution. For i = 1, 2, . . . , 
(2g + 1), let d be the Dehn twist along the simple closed curve Cj on T* g 
depicted in Figure 1. Under an obvious choice of the hyperelliptic involution, 




Figure 1 



each Q lies in TC g . According to the presentation of 7i g due to Birman and 
Hilden [5], TC g is generated by (±, (2, ■ ■ ■ , C2g+i, and these generators satisfy 
the defining relations of -E?2g+2 , Artin's braid group of (2g + 2) strings. We 
thus have a natural projection p: -B23+2 — ► 7~t g . Recall that the irreducible 
representations of -B23+2 which arise from the Iwahori-Hecke algebra of type 
A2 g +\ are in one-to-one correspondence with the Young diagrams of (2g + 2) 
boxes [9]. Jones considered which of such representations of -B23+2 can yield 
a representation of 7i g via p. Let Y be a Young diagram of (2g + 2) boxes, 
and let ny denote the corresponding representation of i?2g+2 • Jones proved 
that 7ry defines, via p, a projective linear representation of TL g if and only if 
Y is rectangular. Furthermore, he proved that every projective representation 
of 7i g so obtained lifts to an actual linear representation of Ti g by determining 
the correcting scalar factor explicitly. Let us call this type of representation the 
Jones representation of genus g. For example the 1 x (2g+2) rectangular Young 
diagram gives the one dimensional trivial representation, and the (2g + 2) x 1 
one gives a one dimensional representation given by the correspondence Q 1— > 
(— 1) • identity. For later use, we denote the latter representation by sgn. We 
will also denote suitable scalar extensions of sgn by the same symbol. 
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2.2 The column-row symmetry 

For a Young diagram Y with (2g + 2) boxes, let Y' denote the Young diagram 
obtained by interchanging rows and columns in Y. There exists an algebra 
involution on the Iwahori-Hecke algebra of type ^23+1 which describes the 
transition from each Y to Y 1 at the representation level (see [9, Note 4.6]). 
We can combine this involution with Jones' construction above to obtain the 
relation between the two Jones representations corresponding to rectangular 
Young diagrams Y and Y' , denoted by py and py , respectively: 

for i = 1 , . . . , (2g + 1) . Note that the correspondence Q i— > C,^ 1 defines an au- 
tomorphism l of Tig , which can be realized by the conjugation by an orientation 
reversing involution on S 9 . Thus we have an equality of representations: 

Pv = {py ° <S> sgn (2.1) 
for every rectangular Young diagram Y with (2g + 2) boxes. 



2.3 The genus 2 case 



In general, 7i g is a proper subgroup of M g and it is not obvious whether Jones 
representations of genus g extend to M g or not. However, in the case of g = 2, 
it is classically known that H2 = M2 so that all the Jones representations of 
genus 2 are defined on M2 for a trivial reason. Furthermore, in view of (2.1), 
the non-trivial Jones representation of genus 2 is essentially unique. This unique 
representation, which corresponds to the 3x2 rectangular Young diagram, is 
the main object of this paper, and is denoted by p. 

As was mentioned above, M2 is generated by £1, ... , £5. Jones has explic- 
itly computed the images of these generators under p, which can be taken 
as the definition of p. Instead of (j's, we use another set of generators of 
M2 which is more convenient for our computation. Let us take an element 
£ = ("1C2 • • • C5 £ M-2 which is a periodic automorphism of order 6. It is easy 
to see that = £Ci£ -1 f° r * = 1) 2, 4. Thus we can choose Q\ and 
£ to be generators of M.2- Now, due to the computation by Jones, the Jones 
representation p: M.2 — ► GL(5, Z[t, t^ 1 ]) can be defined by the following: 



p(Ci) 
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-1/t 2 
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and 



p(0 



/O 1 0\ 
OOOOl 
1 
10 

\0 1 0/ 



Here our parameter t corresponds to the formal power q 1 ^ in [9]. 

Recall that the Torelli group of genus 2 , denoted by Ti , is the kernel of the 
symplectic representation M.2 — > Sp(4, Z) . Due to Powell [17], X-z is the normal 
closure in M.2 of the single Dehn twist Vo along the separating simple closed 
curve Cq on X2 depicted in Figure 2. The image of ^0 under p has also been 




computed by Jones. In our notation, 



pWo) = /KC1C2C1) 4 = t 6 ■ Id 
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t 24 
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(2.2) 
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where Id denotes the identity matrix. In particular, this shows that p does not 
factor through the symplectic representation. On the other hand, it is easy to 
see that there exist several special values of p at which p becomes trivial on 
T2. Such special values include t = ±1. 

We now determine the specialization of p at t = — 1. This will play a fun- 
damental role in our investigation as the degree part of our expansion of p. 
Let H denote the first integral homology group ^1(^2; Z) of £2, an d let A 2 H 
denote the second exterior product of H . The symplectic class u> G A 2 H is 
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defined as x\ A y\ + x 2 A y 2 for any symplectic basis arj, y$ (« = 1, 2) of i? with 
respect to the algebraic intersection pairing. 

Lemma 2.1 The specialization of p at t = — 1 descends to a linear represen- 
tation of Sp(4, Z) via the symplectic representation. Furthermore, this special- 
ization is equivalent to (A 2 H/lj ■ Z) <g> sgn. 

For later use, we fix a symplectic basis of H and a basis of A 2 H/lj ■ Z. Let 
£i) ^2, yi, y 2 be the symplectic basis of H depicted in Figure 2. We choose a 
basis {tf, i = 1, . . . ,5} of A 2 H/uj ■ Z as follows: 

ti = [xi A x 2 ], t 2 = [yi A y 2 ], h = [xi A yi], (2.3) 

U = [xi A y 2 ], t 5 = [x 2 A y{\ 

where [ ] denotes the corresponding class in h?H/ui'L. 

Proof of Lemma 2.1 As was mentioned above, the former part of the lemma 
is a direct consequence of (2.2). For the latter part, let P denote the special- 
ization of p obtained by putting t = — 1. Note that P is defined over Z so 
that its representation space is Z 5 . Let Z and X denote the matrix form of 
the action of (i and £, respectively, on A 2 H/ujZ with respect to the basis {ti} 
above. Then the assertion follows from the existence of F G GL(5,Z) such 
that P((i)F = -FZ and P(£)F = -FX. A direct calculation shows that the 
following matrix gives a solution: 





-i 








o\ 














-1 


1 




















1 


1 


-1 










1 





3 The filtration {F k } 

3.1 The description of Tk 

As in Introduction, we obtain the representation 

<p: M 2 -> R x 

from p by putting t = — e h and then expanding the 
series. Here R denotes the algebra M(5,Q[[/i]]) of 5 



powers e in their Taylor 
x 5 matrices over rational 
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formal power series in a variable h, and x denotes the group of invertible 
elements of an algebra. Hereafter, the identity of an algebra will be denoted by 
1. 

For k > 0, let R[k] be the principal ideal of R generated by h k ■ 1. The ideal 
R[k] consists of those elements in R the minimal degrees of whose terms are at 
least k . Thus we have a filtration of R : 

R = R[0] D R[l] D R[2] D ■ ■ ■ 

Note that R[k] ■ R[l] = R[k + I] . Let Q k R be the graded quotient R[k]/R[k + 1] 
and let QR = ®k>oQkR be the associated graded algebra. The standard bracket 
[X, Y] = XY — YX in R induces a structure of a graded Lie algebra over Q 
on QR. 

Let <pW: M 2 -» (R/R[k + l]) x be the composit ion of (p with the natural 
projection R x — > (R/R[k + l]) x . Now the filtration {^fc} can be described as 
Tk = I2 H Kerc^ -1 ) for fc > 1. Obviously, <£>(°) is equivalent to the special- 
ization of p at t = — 1. Thus we have JFx = J 2 by Lemma 2.1. As before, we 
write t/fcJ 7 for JT fc /JT fc+1) and ^ for 0fc>i^fcJ". 

3.2 The graded Lie algebra QT 

We define a mapping 6: I2 — > -R by <5(?/>) = ^(V ; ) — 1- It is obvious that 
5(^fc) C i2[fc]. For each k > 1, let 8k be the composition of 5 restricted to 
Tk with the obvious projection R[k] — > t/fei?. The following proposition can be 
deduced from a general result of Lazard [11] (see also [12]). 

Proposition 3.1 Each 8k induces an embedding of the module QkT into QkR- 
Furthermore, the commutator operation [x, y] = xyx^y^ 1 induces a structure 
of a graded Lie algebra on QT ' , and (B8k gives an embedding of a graded Lie 
algebra QT — ► QR. 

Remark 3.2 The quotient module QkR has a natural structure of a finite 
dimensional vector space over Q. Thus the proposition implies that each QkJ 7 
is a free abelian group of finite rank. 

We give a direct proof of Proposition 3.1 for completeness. 

Lemma 3.3 For k > 1, the mapping 8k- Tk — ► QkR = R[k]/R[k + 1] is a 
group homomorphism. 
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Proof If Vi , 4>2 € T k , then we have <5(V>1 W2) G i?[2fc] C + 1] . Thus the 
lemma follows immediately from the following equality: 

S(ihih) = <fty>i) + 6(ifa) + <5(^i)«5(^2). □ 
Clearly Ker 5k = Fk+i ■ Thus 5k gives an embedding of a group 

which will be denoted by the same symbol 5 k ■ 

Now let Q5 denote ®k>i^k '■ QF — ► To prove the latter part of the propo- 
sition, we have to see that \m.Q5 is a Lie subalgebra of QR, and that the Lie 
bracket on QT induced by Q5 corresponds to the commutator in 2" 2 . These 
follow from the next lemma. 

Lemma 3.4 Let x € T\. and y € T\. Then [x,y] £ Fk+l, and the following 
equality holds: 

8k+i{[x,y]) = 5 k {x)5i{y) - 5i{y)5 k {x) 

Proof A direct computation implies the following equality in R: 

5([x,y}) = (S(x)S(y) - 5(y)5(x)Mx- 1 y' 1 ) (3.1) 

This implies immediately that [x,y] £ Fu+l- Furthermore, in view of the fact 
that <p(°\ the degree part of is trivial on I2 (Lemma 2.1), we obtain the 
required equality by taking (3.1) modulo Tk+i+i- □ 

This completes the proof of Proposition 3.1. 
3.3 Sp(4,Z) -actions 

For each k, QkT naturally has a structure of an Sp(4, Z) -module in the fol- 
lowing manner. The Torelli group Z2 = T\ is acted on by M.2 via conjugation. 
The filtration {J~k} is preserved by this action of M2 so that Qk3~ is an M.2- 
module. Since [22, Ft] C Fk+i by Lemma 3.4, the action of J2 on QkT is 
trivial. Hence the above action of M2 descends to that of Sp(4, Z) . 

Next we consider the natural action of Sp(4,Z) on Q^R for each k > 0. Recall 
that ip( k ^ denotes the composition of the expanded Jones representation (p with 
the projection R x — > (R/ R[k+l]) x . For each ( £ -M.2-, the correspondence x 1— > 
C^x = ^^(O^^CC -1 ) induces a structure of an .A^-module on R/R[k + 1] . 
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Thus QkR C R/R[k + 1] is an .A42-submodule. It is easy to see that the 
following formula holds 

c*x = ^ 0) (c)-*-v (0) (r 1 ) (3-2) 

for ( G an d x G ^fc-R. Here the multiplication in the right hand side is 
meant by the one in the graded algebra QR. Now the triviality of ip^ on Xi 
(Lemma 2.1) implies that the action of M.2 on Q^R factors through Sp(4, Z). 

Proposition 3.5 The embedding of Lie algebra Q5: QT — > QR is Sp(4,Z)- 
equivariant. 

Proof It suffices to show that ^(CY'C -1 ) = C*<5fc(V0 f° r C £ M.i, 4> & T^. By 
definition, we have <5(CY< _1 ) = ^(C)^(-0)^(C _1 ) • Thus taking the mod R[k+1] 
classes, we have SkiC^C' 1 ) = </? (0) (C) ■ <W) ■ ¥> (0) (C _1 ) as elements of QR. In 
view of (3.2), this is nothing but n 

4 The structure of QkR 

4.1 Irreducible representations of Sp(A,Q) 

Now we recall the description of irreducible representations of the algebraic 
group Sp(4,Q). We follow the book of Fulton and Harris [7]. Let sp(4, C) be 
the Lie algebra of the symplectic Lie group Sp(4, C) , and let f) be its Cartan 
subalgebra consisting of diagonal matrices. Choose a system of fundamental 
weights L\ and L2 : f) ^ C as in [7]. Then for each pair (a, b) of non-negative 
integers, there exists a unique irreducible representation of Sp(4, C) with high- 
est weight aL\ + b(L\ + L2). We denote this representation by T a ^ following 
[7]. These are all rational representations defined over Q so that we can con- 
sider them as irreducible representations of Sp(4, Q) . We will understand that 
the same notation T a ^ also denotes the representation space over Q of the 
corresponding representation in the obvious manner. For example the trivial 
representation Q = Tq^q, Hq = Hi(T,2]Q) = ^1,0 an d A 2 Hq/loQ = r^i where 
oj denotes the symplectic class. 

4.2 The action of Sp(4, Q) on Q k R 

For an Sp(4, Z) -module V , let Vq denote V <8>Q. In view of (3.2), it is easy to 
see that the Sp(4, Z) -module QkR is isomorphic to (<p^ 0/>^)*)q where * 
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denotes the dual of a representation. By Lemma 2.1, we have <Pq = To,i <8>sgn, 
which is only an Sp(A, Z) -module. However, the triviality of sgn® sgn* = 
sgn ® sgn implies that 

(<p<® ® (^ (0) )*) Q = r ,i ® = r ,i ® r ,i 

so that ^fci? can be naturally considered as an Sp(4, Q) -module. Here we have 
used the self-duality for general symplectic modules to deduce the last equality. 
Furthermore, the decomposition of I^i ® I^i into irreducible modules is well 
known (eg [7, section 16.2]), which implies the equality 

^ = r ,2®r 2i oero, . (4.1) 

4.3 Weight spaces of Q k R 

Now we explicitly describe the decomposition of Q^R = I^i ® Tq l into weight 
spaces and determine the submodule Tq^ in terms of weight spaces. Recall 
that we have fixed the basis {tf,i = 1,... ,5} of ti^H/ul, in (2.3). The {U} 
also serves as a basis of r^i = (A 2 H/u>'Z) ® Q in the obvious manner. All 
the members tj's are weight vectors in ro,i and the corresponding weights are: 
(Li + L 2 ), -(Li + L 2 ), 0, (Li - L 2 ) and (-Li + L 2 ) for i = 1, . . . , 5, 
respectively. These can be deduced from the description of the weight spaces 
for the fundamental representation Hq = i?i(X 2 ;Q). 

Now let {t*} denote the dual basis of {ij} , and let eij denote U®t* € ^,1(8)^^ • 
Then {ejj} forms a basis of ^,1®^ x . Furthermore, each ejj is a weight vector 
and its weight is given by the weight of U minus that of tj . Consequently, we 
can obtain the decomposition of ro,i <8>Fq 1 into weight spaces as given by Table 
1. Each row of Table 1 consists of a weight appearing in ro,i <8> Tq 1 and a basis 
for the corresponding weight space. The identification of FcifgTQ l = End (r^i) 
with QkR is given as follows. Let E^j G M(5,Q) denote the matrix form of 
eij E End (ro,i) with respect to the basis {ti}. As was observed in the proof of 
Lemma 2.1, r^i is identified with (g) sgn via the matrix F given by (2.4). 
Then the desired identification is given by the correspondence 

e id ^ h k FEijF' 1 mod R[k + 1]. (4.2) 

Next we describe the weight spaces of Tq^ ■ Note that ro, 2 is the highest weight 
submodule of r^i <8>ro i . Recall from the general representation theory that the 
highest weight submodule is generated by the images of a highest weight vector, 
which are also weight vectors, under successive applications of the negative root 
spaces of the Lie algebra. Due to this fact, we can obtain the weight spaces of 
ro )2 starting with a highest weight vector ei )2 . The result is given by Table 2. 
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Table 1: The weight spaces of r ,i ® Tq 



Weight 


A basis for the 


weight space 


2(Li+L 2 ) 


{ei )2 } 




Li + L 2 


{ei,3, e3, 2 } 




2Li 


{ei,5,e 4 , 2 } 




2L 2 


{ei,4,e 5 , 2 } 




2(Li-La) 


{ e 4,5} 




Li — L 2 


{e3,5, 64,3} 







i — 1 , . . . , 


5} 


-la +L 2 


{e3,4,e 5 ,3} 




2(-L 1 + L 2 ) 


{ e 5,4} 




-2L 2 


{e 2 ,5,e 4 ,i} 




-2Li 


{e 2 ,4,e 5 ,i} 




-(ii + £ 2 ) 


{e 2 ,3,e 3i i} 




-2(Li + L 2 ) 


{ e 2,l} 





Table 2: The weight spaces of To, 2 


Weight 


A basis for the weight space 


2(L 1 +L 2 ) 


{ei,2> 


Li + L 2 


{ei,3 + 2e 3 , 2 } 


2Li 


{ei,5 + 64,2} 


2L 2 


{ei,4 + e 5 , 2 } 


2{L X -L 2 ) 


{ e 4,5} 


L\ — L 2 


{e 4 , 3 + 2e 3 , 5 } 





{(ei,i + e 2:2 ) - (e4,4 + e 5 , 5 ), 2e 3i3 - (ei,i + 62,2)} 


L 2 — L\ 


{2e 3 ,4 + e 5 ,3} 


2{L 2 -L 1 ) 


{es,4} 


-2L 2 


{e 2 ,5 + e4,i} 


-2Li 


{e 2 ,4 + e 5j i} 


-(Li + L 2 ) 


{e 2 , 3 + 2e 3 ,i} 


-2(Li+L 2 ) 


{e2.1l 



5 Proofs of Theorems 

First of all, by virtue of the following general proposition, the action of Sp(4, Z) 
on Q^T described in section 3.3 can be extended to an action of Sp(4, Q) on 
Gk^Q = GkF ® Q so that Q8 <g> Q is an <Sp(4, Q) -equivariant homomorphism 
between graded Lie algebras over Q. 
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Proposition 5.1 (Asada-Nakamura [1, (2.2.8)]) Let g > 1. If L is a Z- 
submodule of a rational finite dimensional Sp(2g, Q) -module V which is stable 
under the action of Sp(2g, Z) , then L <g> Q C V is also stable under the action 
ofSp(2g,Q). 



5.1 Proof of Theorem 1.1 



In view of (4.1), it suffices to show that 5i(J-i)q = To^ C Q\R. As was 
explained in section 2.3, T\ = 2T 2 is the normal closure of ipo, the Dehn twist 
along the separating simple closed curve Co- Thus Si(J-'i) is the minimal Z- 
submodule of Q\R which contains <5i(^o) an d is invariant under the action of 
Sp(4, Z) . A direct computation shows that 



S^o) = F- 



/6h 

6/1 


V 






-24h 









6/1 








6h/ 



mod R[2] 



where the matrix F is the one given in (2.4). This corresponds, under the 
identification (4.2), to 

-12(2e 3)3 - (ei,i + e 2)2 )) - 6((ei,i + e 2>2 ) - (e 4 ,4 + e 5)5 )) € r ,i ® T^. 

In view of Table 2, this is a weight vector of ro )2 C r^i <S> Tq^ with weight 0. 
Thus we have C To )2 . Now we can apply Proposition 5.1 to conclude 

that S 1 (J 7 i)q = r 0)2 . □ 



5.2 Proof of Corollary 1.2 

We freely use the notation of [16, section 5] for Johnson homomorphisms. To 
prove Corollary 1.2, we have only to prove that there exists an Sp(A,Q)- 
equivariant isomorphism /: <5i(T 2 )q — > t 2 (2)(T 2 )q = r 2 (2)(X 2 ) ®Q such that 

/o<5 1 (^o) = r 2 (2)(^o). (5.1) 

As mentioned in Introduction, it is well known that t 2 (2)(Z 2 )q is isomorphic 
to ro, 2 , and hence there exists an essentially unique Sp(4, Q) -isomorphism 
between <5i(T 2 )q and t 2 (2)(X 2 )q. However, the existence of / satisfying the 
condition (5.1) does not follow from this fact directly. We need an analysis of 
the images of ipo under both Si and r 2 (2) in terms of highest weight vectors. 
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Recall that 5i(22)q is generated by the images of its highest weight vector under 
the action of the universal enveloping algebra U of sp(4, Q). Thus 5i(i/jq) can 
be expressed as Z ■ ei 2 for some fixed element Z £ U . 

On the other hand, an explicit computation of r fli i(2) , a relative version of r fl (2) , 
has been given by Morita [13]. We can combine this result with the relationship 
between t 9 i(2) and r g (2) explained in [16] to obtain the description of r fl (2). 
More precisely, we can describe (a) the decomposition of T2(2)(Z2)q> into weight 
spaces together with the action of sp(4, Q); (b) an expression of T2(2)(-0o) in 
terms of weight vectors. As a result, we can choose a highest weight vector 
vq of T2(2)(T 2 )q such that T2(2)(^ ) = Z ■ vq. If we take / to be the unique 
Sp(4, Q) -equivariant isomorphism which sends to vo, then it satisfies the 
condition (5.1). This completes the proof of Corollary 1.2. □ 

5.3 Proof of Theorem 1.3 

We show that the desired submodules come from the lower central series of the 
Torelli group {X[fc]} where X[l] = Z2 and T[/c+l] is defined recursively by I[k+ 
1] = [l2,2[k]] for k > 1. More precisely, let GVq denote the Lie subalgebra 
of GFq generated by G\Tq. We write Gk^Q f° r its homogeneous component 
of degree k so that we have GiDq = GiFq and Gk+i^Q = [GiDq, Gk^q] C 
Gk+i^Q for fc > 1. It is obvious that Gk^Q = 5fe(X[A;]/X[A; + 1]) ®Q. We assert 
that 



as a submodule of End (ro,i) under the identification of (4.2). Under the same 
identification, the Lie bracket [ , ] : GkR <8> GiR — > Gk+iR corresponds to the 
standard Lie bracket in End (To,].) given by [A, B] = AB — BA. Since we have 
already seen that Gi'Dq = ^0,2, the assertion above follows from the next two 
equalities in End(ro,i): 



These equalities can be checked as follows. First we can easily see that the 
Lie bracket is Sp(4, Q) -equivariant so that both the left hand sides above are 
direct sums of some of Fq^ , T2,o and ro,o • 

Next, we can use Table 2 to compute the dimensions of weight spaces in 
[ro 2^0,2] with weights 2{L\ + L2), 2L\ and 0, respectively. The results are 
0, 1 and 2, respectively. Thus the highest weight of ^0,2,^2] is 2L±, which 




[Lo,2, r ,2] — T2,0 

[Lo,2, r 2 ,o] = r ,2 
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implies that Tq^ <£ ^0,2,^,2] and ^,0 C ^0,2^0,2] • Finally we can see that 
o <t- ^02^02] by comparing the dimension of the weight space of weight 
in [To 2) To 2] with that in r2,o (cf [7]). This concludes the first equality 

Now with the assistance of the first equality, we can easily describe the whole 
weight spaces of = ^0,2^0,2]- Then the second equality follows from a 
similar argument. This completes the proof of Theorem 1.3. □ 

6 The relation with the Casson invariant 

In this section, motivated by Corollary 1.2, we discuss a possible relation be- 
tween the Jones representation p and the Casson invariant of homology 3- 
spheres, and pose a related problem. 

We first recall the description of the Casson invariant, denoted by A, in terms 
of mapping class groups of surfaces by Morita. We refer to [13], [14] for further 
details. As before, let S 9 be a closed oriented surface of genus g > 2, and let 
M g be its mapping class group. Also, let K. g be the subgroup of M g generated 
by all the Dehn twists along separating simple closed curves on T, g . Given a 
homology 3 -sphere M together with an embedding /: S 9 — > M, the Casson 
invariant gives rise to a homomorphism Xf. K, g — > Z . Roughly, A/ is defined 
by Xf(ip) = X(M^) — A(M) for tp G JC g where is the homology 3-sphere 
obtained from M by first cutting along /(£ 9 ) and then regluing by ip. Fur- 
thermore, Xf can be decomposed as a sum of two Q-valued homomorphisms: 

A / = + Qf- 

Here the homomorphism d\ coincides with a secondary invariant which arises 
from Morita's theory of secondary characteristic classes of surface bundles ([13], 
[15], [16]). In particular, d\ is independent of the choice of the pair (M, /), 
and is invariant under the conjugation action of A4 g on K, g . It is known that 
such a Q-valued homomorphism of JC g is unique up to nonzero scalars ([14, 
Theorem 5.7]). 

On the other hand, the homomorphism qj factors through T g {2) and depends 
on the choice of (M, /) . 

Now we assume that g = 2. Note that /C2 = X2 as mentioned before. In view 
of Corollary 1.2, we see that qj factors through p. Thus we may say that p 
contains the full information of A , in the case of g = 2 , if and only if p contains 
the information of d\ . 
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Now we set Z = 1 2 /Kexdi , and Z a = a(l 2 )/a(Kev di) for an arbitrary homo- 
morphism a of T 2 ■ Note that Z is isomorphic to the infinite cyclic group 7L and 
Z a is a quotient of Z . Under these notation, the information of d\ contained 
in p concentrates on the cyclic group Z p . On the other hand, we can easily see 
that Kerdi = \M. 2 ,T 2 \. We thus have the following: 

Proposition 6.1 The homomorphism d\ factors through the Jones represen- 
tation p if and only if 

Z p = p(l 2 )/p([M 2 ,l 2 }) = %- (6-1) 

At the moment, we do not know whether the equality (6.1) is true or not. 

Problem 6.2 Determine the order of the cyclic group Z p . 

Remark 6.3 (1) If the order of Z p is finite, then it implies that p is not 
faithful on 1 2 ■ 

(2) Our previous result [10] implies that the order of Z p is at least 10. 

(3) For any reduction r of p, the computation of Z r would be helpful in 
estimating the order of Z p . With such an expectation, we considered the 
cases r = and r = ip^ . As a result, we obtained the isomorphisms 

z vW = z T2{2) * z/10, z vW = z/10 

by computer calculations. 

In view of the above, it remains possible that the order of Z p is exactly 10. 
In any case, it might be interesting to note that Z/10 is isomorphic to the 
abelianization of M 2 ■ 
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